In this paper we consider the following problem: Of all trees of order n with k pendant vertices (n, k fixed), which achieves the maximal spectral radius?
Introduction
Let G be a graph with vertex set {v 1 , v 2 , . . . , v n }. The spectral radius of G, ρ (G) , is the largest eigenvalue of its adjacency matrix A(G). A(G) = (a ij ) is defined to be the n × n matrix (a ij ), where a ij = 1 if v i is adjacent to v j , and a ij = 0 otherwise.
When G is connected, A(G) is irreducible and by the Perron-Frobenius Theorem, e.g. [1] , the spectral radius is simple and there is a unique positive unit eigenvector. We shall refer to such an eigenvector as the Perron vector of G.
A pendant vertex of G is a vertex of degree 1. Let N G (v) denote the adjacent vertex set of v in G and d v the degree of v. T n,k denotes the set of trees on n vertices and k pendant vertices (n, k fixed).
The tree T n,k is obtained from a star K 1,k and k paths of almost equal lengths by joining each pendant vertex of K 1,k to an end vertex of one path. Obviously, Fig. 1 .
In general, T n,n−1 = K 1,n−1 , T n,2 = P n , and T n,n−2 = S(1, n − 3), a tree obtained from two stars K 1,n−3 and K 1,1 by joining their central vertices. For example, T 6,5 = K 1,5 , T 6,4 = S(1, 3) and T 6,2 is a path of length 6 (see Fig. 2 ).
In Section 2, we show that of all trees on n vertices and k pendant vertices the maximal spectral radius is obtained only at T n,k , and give some results about its spectral radius.
Lemmas and results
Since the adjacency matrix A(G) is a real symmetric matrix, we have the following lemma. Fig. 3 
Theorem 1. Let u, v be two vertices of the connected graph
G. Suppose v 1 , v 2 , . . . , v s (1 s d v ) are some vertices of N G (v)\N G (u) and x = (x 1 , x 2 , . . . , x n ) T is
the Perron vector of G, where x i corresponds to the vertex v i (1 i n). Let G * be the graph obtained from G by deleting the edges (v, v i ) and adding the edges (u, v i ) (1 i s) (see
Since 
Theorem 2. Of all the trees on n vertices and k pendant vertices, the maximal spectral radius is obtained uniquely at T n,k .
Proof. We have to proof that if T ∈ T n,k , then ρ(T ) ρ(T n,k ) with equality only when T = T n,k . Let t be the cardinality of the vertices whose degrees are 3 or greater.
Case 1: t = 0. In this case, T is a path of length n; hence T = T n,2 . We have 
Moreover, each T * i has k pendant vertices. Refer to case 2, we have ρ(T * t−1 ) ρ(T n,k ). Therefore, ρ(T ) < ρ(T n,k ).
By the cases, we complete the proof.
Proof. It is obvious from Lemma 2.
For the sake of clarity, we identify a graph with its characteristic polynomial. First we require a lemma.
Lemma 3 [4]. Let v be a vertex of a graph G, let C(v) be the collection of circuits containing v, and let V (Z) denote the set of vertices in the circuit Z. Then the characteristic polynomial (G) satisfies
where the first summation extends over those vertices w adjacent to v, and the second summation extends over all Z ∈ C(v).
From Lemma 3, we have

Theorem 4. The characteristic polynomial of T n,k (2 k n − 1) is
where q = n−1 k , n − 1 = kq + r (0 r k − 1), P q is a path of length q.
As for the spectral radius of T n,k , we only need to consider the greatest root of
In general the spectral radius is difficult to calculate, although the characteristic polynomial can be identified by Chebvshev polynomials. So we only give some results in some cases.
Theorem 5. If
Proof. In this case, q = 1. By Eqs. (4), we have
and ρ(T n,n−1 ) = √ n − 1 follows the above equality. From Theorems 2, 3, and 5, we have Corollary 2 [5] . Let T be a tree on n vertices. Then ρ(T ) √ n − 1, and equality holds if and only if T = T n,n−1 (K 1,n−1 ), the star with n vertices. Corollary 3 [6] . Let T be a tree on n vertices with n 4 and T T n,n−1 . Then
and equality holds if and only if T = T n,n−2 (S(1, n − 3)).
Corollary 4 [7] . 
